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a b s t r a c t
The incompressible viscous flow over several non-smooth surfaces is simulated
numerically by using the lattice Boltzmann method. A numerical strategy for dealing with
a curved boundary with second-order accuracy for velocity field is presented. The drag
evaluation is performed by themomentum-exchangemethod. The streamline contours are
obtained over surfaces with different shapes, including circular concave, circular convex,
triangular concave, triangular convex, regular sinusoidal wavy and irregular sinusoidal
wavy, are obtained. The flow patterns are discussed in detail. The velocity profiles over
different kinds of non-smooth surfaces are investigated. The numerical results show that
the lattice Boltzmann method is reliable, accurate, easy to implement, and can provide
valuable help for some engineering practices.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The reduction of drag in fluid flow is of great importance, both from a theoretical point of view and for engineering
applications. The logical design of a surface topology is considered to be capable of producing a significant reduction of
viscous drag. A large portion of the drag is generated in the thin, viscous region near the wall. The viscous contribution to
the total drag amounts to about 50% on commercial aircraft, 90% on underwater vehicles and almost 100% for pipe flows [1].
Skin friction drag has received considerable attention, from as early as the beginning of the last century. If we consider
current trends in the expansion of public transport worldwide and initiatives for reducing pollution of the environment,
any drag reduction can lead to significant energy savings for aircraft, underwater travel or the natural gas pipeline industry
can lead to significant energy savings. There is an increasing interest associated with demands for better performance and
less fuel consumption by vehicles.
Recent results for drag reduction are summarized as follows. Tian et al. [2] used a computational fluid dynamics (CFD)
method to simulate bionic non-smooth surfaces and revealed the mechanism of drag reduction. A surface with regular
non-smooth structure imitating an animal’s skin is called a bionic non-smooth surface. Researchers have shown that such
surfaces have the ability to reduce drag, such as the drag reduction by three-dimensional (3D) riblet surfaces, which has been
investigated experimentally [3]. The turbulent wall shear stress on this surface is measured using direct force balances. The
results show that 3D riblet surfaces do indeed produce appreciable drag reduction. Frohnapfel et al. [4] proposed a novel
technique for passive flow control of near-wall turbulence by surface-embedded grooves, which are based onmodifications
of the surface topology in an attempt to achieve drag reduction. In [5,6], the authors demonstrate, by experiment, significant
drag reduction for the laminar flow of water through microchannels, using ultrahydrophobic or hydrophobic surfaces with
well-defined micro-sized surface roughness by experiments. Zhang and Kwok [7] studied the dynamics of the wetting and
movement of a three-phase contact line confined between two superhydrophobic surfaces using a mean-field free-energy
lattice Boltzmann model. Brenner et al. [8,9] studied sinusoidal wavy surfaces with laminar lubrication using the lattice
Boltzmann method (LBM). Varnik et al. [10], who investigated the effects of wall roughness on flows in strongly confined
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Fig. 1. Discrete velocity set of the two-dimensional nine-velocity (D2Q9) model.
(micro)channels by means of the LBM, observed a transition from laminar to unsteady flow. Picioreanu et al. [11] studied
the influence of irregularly-shaped biofilm geometrical characteristics on substrate mass transfer and conversion rates. Shi
et al. [12] researched fluid flow over a wavy surface using the LBM.
Non-planar wall geometries are investigated in this study, which is based on modifications of the surface topology in an
attempt to achieve drag reduction. The LBM is employed to simulate the flow in complex geometries.
The lattice Boltzmann method has recently become an alternative method of computational fluid dynamics, and it has
achieved a great success in simulating a wide variety of physical systems in the past decades [13,14], such as multi-phase
flow [15], suspension flow [16], compressible fluids [17] and flow in porous media [18]. This method can be regarded either
as an extension of lattice gas automation [19] or as a special discrete form of the Boltzmann equation for kinetic theory.
Unlike conventional methods, which are based on macroscopic continuity equations to determine the macroscopic fluid
dynamics, the LBM is based on themicroscopic dynamics of the fluid. Basically, it has two processes: streaming and collision.
The LBM has demonstrated a significant potential and broad applicability with many computational advantages including
easy handling of complex boundary conditions, efficient hydrodynamics simulations, the parallel of algorithm and simple
programming. In the foreseeable future, the LBM method is likely to play a significant role in the numerical prediction of
flows. An introduction to LBM theory, methodology and its current status may be obtained from [20–23].
In the next section, the mathematical formulation of the lattice Boltzmann model is described. In Section 3, the
incompressible viscous fluid flow over several non-smooth surfaces is simulated numerically, and Section 4 gives some
concluding remarks.
2. Mathematical formulation
2.1. Background of the lattice Boltzmann equation
The most widely used lattice Boltzmann equation is a discretized version of the model Boltzmann equation with a single
relaxation time factor due to Bhatnagar, Gross, and Krook (BGK model) [24]. A D2Q9 scheme is adopted in this work, where
D refers to spatial dimensions and Q to the number of different velocities at a computational node. Here, the number of
lattice velocities is 9 (including rest particles) (see Fig. 1). A discrete velocity model of the Boltzmann equation discretized
in space x and time t is given by
fα (x+ eαδt , t + δt)− fα (x, t) = −1
τ

fα (x, t)− f (eq)α (x, t)

(1)
where eα (α = 0, 1, . . . , 8) is a discrete velocity set
eα =

0, α = 0
(cos[(α − 1)π/4], sin[(α − 1)π/4]) c, α = 1, 3, 5, 7√
2 (cos[(α − 1)π/4], sin[(α − 1)π/4]) c, α = 2, 4, 6, 8
(2)
where c ≡ δx/δt , δx is the lattice length of the underlying lattice space. In this work, the lattice length δx and time step δt are
each set to be a unit, thus, c is a unit velocity such that all the relevant quantities are dimensionless. fα (x, t) is the particle
distribution function, also named population; f (eq)α (x, t) is the equilibrium distribution function of the αth discrete velocity;
and τ is the dimensionless relaxation time.
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Fig. 2. Layout of a regularly spaced lattice and curved wall boundary.
The equilibrium distribution function f (eq)α (x, t) in Eq. (1) is obtained by expanding theMaxwell–Boltzmann distribution
function in a Taylor series of u up to the second order [21], and can be expressed, in general, as
f (eq)α (x, t) = ωαρ
[
1+ 3
c2
(eα · u)+ 92c4 (eα · u)
2 − 3
2c2
u · u
]
(3)
where the coefficient ωα depends on the discrete velocity:
ωα =
4/9, α = 0
1/9, α = 1, 3, 5, 7
1/36, α = 2, 4, 6, 8.
(4)
The lattice Boltzmannmodel should describe the dynamics of macroscopic variables. The macroscopic variables u, ρ are
some linear combination of the distribution function at the same point. The equilibrium distribution function f (eq)α (x, t)
satisfies the following conservation conditions:
ρ =
−
α
f (eq)α =
−
α
fα, ρu =
−
α
eα f (eq)α =
−
α
eα fα. (5)
The single-particle distribution function fα (x, t) is evolved by streaming and collision steps on a fixed computational
lattice. During the collision step, the particles readjust their states, while the overall mass and momentum at the
computational node are conserved. In the subsequent step, streaming, the particles move along their respective velocity
directions to the position of their nearest neighbors. That is,
Collision: f˜α (x, t) = fα (x, t)− 1
τ

fα (x, t)− f (eq)α (x, t)

. (6a)
Streaming: fα (x+ eαδt , t + δt) = f˜α (x, t) (6b)
where f˜α (x, t) is an intermediate particle distribution function. The computational process is explicit and, by nature, parallel.
The collision step is completely local, while the advection step is uniform and requires little computational effort.
2.2. The curved boundary treatment
Boundary conditions play important roles in lattice Boltzmann methods, in that they will influence the accuracy and
stability of the LBM [25,26]. Consider a part of an arbitrary curved boundary, as shown in Fig. 2; xw denotes the intersections
of the boundary with various lattice-to-lattice links, xf denotes the fluid node near the boundary and xb denotes the solid
node near the boundary. The fraction of an intersected link in the fluid region,∆, is defined by∆ = xf − xw / xf − xb.
Obviously, 0 ≤ ∆ ≤ 1 and the horizontal or vertical distance between xb and xw is∆δx on a square lattice.
Generally, the bounce-back boundary condition has been used to deal with a solid boundary, in order to approximate the
no-slip boundary condition. It is well understood that this bounce-back boundary condition satisfies the no-slip boundary
condition with second-order accuracy at the location one-half lattice spacing (∆ = 1/2) outside of a boundary node where
the bounce-back collision takes place. However, this is only truewith simple boundaries of straight lineswhich are parallel to
the lattice grid [27]. For a curved boundary, simply placing the boundary halfway between two nodeswill alter the geometry
on the grid level and decrease the accuracy of the flow field.
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There is some evidence which shows that the bounce-back boundary conditions combined with interpolations, and
including the one-half grid spacing correction at boundaries, are in fact second-order accurate and capable of handling
curved boundaries. Suppose the particlemomentummoving from xf to xb is eα and the reversed particlemomentummoving
from xb to xf is eα¯ = −eα . After the collision step, f˜α (x, t) is known on the fluid side of the boundary, but not on the solid
side. Here we shall use eα¯ and fα¯ to denote the velocity and the distribution function, respectively, coming from a solid node
to a fluid node, where fα¯ is an unknown variable. To finish the streaming step,
fα¯ (xb + eα¯δt , t + δt) = f˜α¯ (xb, t) (7)
for which Filippova and Hänel [28] proposed the linear interpolation
fα¯ (xb, t) = (1− χ) f˜α

xf , t
+ χ f (∗)α (xb, t)+ 2wαρ 3c2 eα¯ · uw (8)
where uw is the velocity at the wall and χ is the weighing factor that controls the linear interpolation or extrapolation
between f˜α

xf , t

. Here, f ∗α (xb, t) is a fictitious equilibrium distribution function given by
f (∗)α (xb, t) = wαρ
[
1+ 3
c2

eα · ubf
+ 9
2c4

eα · uf
2 − 3
2c2
u2f
]
= f (eq)α

xf , t
+ wαρ 3c2 eα · ubf − uf  (9)
whereubf andχ are given by [28]. By applying the Chapman–Enskog expansion for the distribution function at the boundary,
we have
f˜α¯ (xb, t) = f˜α

xf , t
− χ f˜α xf , t− f (eq)α xf , t+ ωαρ xf , t 3c2 eα · χ ubf − uf − 2uw . (10)
This treatment of the boundary condition can lead to a second-order accurate no-slip boundary condition [29].
2.3. Drag force evaluation based on the momentum-exchange method
In this paper, themomentum-exchangemethod [30]will be employed. An arrayw (i, j) is first introduced:w (i, j) = 0 for
fluid nodes andw (i, j) = 1 for solid nodes. For a given boundary node xb inside the solid region, the momentum exchange
with all possible neighboring fluid nodes over a time step is−
α≠0
eα

f˜α (xb, t)+ f˜α¯ (xb + eα¯δt , t)

[1− w (xb + eα¯δt)] . (11)
By simply summing the contributions over all boundary nodes xb belonging to the body, the total force acting from the solid
body on the fluid is obtained by
F =
−
all xb
−
α≠0
eα

f˜α (xb, t)+ f˜α¯ (xb + eα¯δt , t)

[1− w (xb + eα¯δt)] . (12)
The force F is evaluated after the collision step is carried out. The effect of ∆ is implicitly taken into account in the
determination of f˜α¯ (xb, t + δt).
3. Numerical simulation
3.1. Problem description and boundary conditions
The flows over several non-smooth surfaces are simulated numerically by using the lattice Boltzmann method. These
surfaces are rough, with circular concave, circular convex, triangular concave, triangular convex, regular sinusoidal wavy,
upwind sinusoidal wavy, downwind sinusoidal wavy surfaces, and a regular sinusoidal wavy surface with double wave
amplitude, respectively. The fluid is incompressible, and the far upstream velocity is uniform and parallel to the undulated
plate. In the present simulation, a computational domain with Nx × Ny = 502δx × 102δx lattice is selected and consists of
four non-smooth elements. The wavelength is λ = 100δx, the wave amplitude is a = 25δx, and the streaming velocity U is
0.1. The Reynolds number is defined as Re = UL/ν, where L is the characteristic length of the domain (that is, L = 502δx),
U is the characteristic velocity of the fluid, and ν is the kinetic viscosity of the fluid. The dimensionless drag coefficient is
CD = FD0.5ρU2L , where FD is the drag force acting on the solid body.
The upper wall boundary conditions are symmetrical and the lower boundary conditions apply the no-slip curved
boundary techniques. For corner points, because of the complexity of the treatment at the corners of straight and curvedwall
boundaries, some special implementations are made. Usually, a bounce-back scheme is used on a straight solid boundary
and the curved boundary technique is used on a curved solid boundary. It is difficult to find a suitable corner treatmentwhen
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(d) Triangular convex surface.
Fig. 3. The streamline patterns for flow over different non-smooth surfaces.
straight and curved boundaries are treated with different schemes. Here, the straight boundary and the curved boundary
are treated as awhole to avoid the above difficulty. That is, the straight boundary is considered as a special curved boundary,
and the interior corners contained in the new curved boundary need not be treated specially.
The simulation is terminated when the following criterion based on the relative L2 norm error in the fluid region Ω is
satisfied:
E2 =

∑
xi∈Ω
‖u (xi, t + 1)− u (xi, t)‖2∑
xi∈Ω
‖u (xi, t + 1)‖2
≤ 10−6. (13)
3.2. The comparison of flow patterns
The streamlines of the steady states for Re = 2000 are reported in Fig. 3. The stream function is obtained from the velocity
data by integration.
The streamline patterns of the flow reveal the formation of vortices under certain conditions. Since these vortices act like
a kind of fluid roller bearing, their influence on the drag force is to be considered. Inside a cavity, the velocity fluctuations in
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(h) Regular sinusoidal wavy surface with double wave amplitude.
Fig. 3. (continued)
both the normal and tangential directions are suppressed due to the sidewall effect, which is required in order to minimize
the energy dissipation and then induce the drag reduction effect.
3.3. The effects of a non-smooth surface on drag reduction
The effect of a non-smooth surface on the flow characteristics near the model surface in the y direction is studied. From
the computational domain, specific positions were selected (x = 250, 275) to investigate the effect of non-smooth surfaces
on the flow characteristics near the model surface. At x = 250 and x = 275, the flow is relatively steady, and the flow
section width changes from minimum to maximum for concave surfaces and vice versa for convex surfaces. At the above
positions, the flow could possess special characteristics in the y direction due to the non-smooth structures.
The velocity profiles near the model surface can be seen in Figs. 4 and 5.
As is shown in Figs. 4 and 5, the streamwise vortices settle inside the concave surface, which do not move as time
increases. Similar vortices are also generated behind the convex surface. These vortices act like a kind of fluid roller bearing
and may reduce the skin’s friction drag. Since flow velocity in the reverse direction was produced in the cavity and the
direction of frictional drag acting on wall was also opposite to the streamwise direction, negative drag is generated in the
local region. On the whole, this is helpful in reducing the total drag at the wall.
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Fig. 5. The velocity profile of different surfaces for x1 = 275.
Table 1
The comparison of drag coefficients for different non-smooth surfaces at Reynolds number Re = 2000.
The surface type The drag coefficient CD
Circle concave surface 0.0172
Circle convex surface 0.0436
Triangular concave surface 0.0174
Triangular convex surface 0.0399
Regular sinusoidal wavy surface 0.0201
Upwind sinusoidal wavy surface 0.0204
Downwind sinusoidal wavy surface 0.0202
Regular sinusoidal wavy surface with double wave amplitude 0.0238
The theoretic value for a plane 0.0297
The comparison of drag coefficients for different non-smooth surfaces and a plane (the theoretical value is 1.328/
√
Re)
at Reynolds number Re = 2000 is presented in Table 1. It can be seen that the coefficient for a plane is between those of
the concave surfaces and the convex surfaces, and that of the circle concave surface is minimum, which is helpful for the
reduction of drag.
4. Conclusions
The object of the present paper was to show the applicability of the lattice Boltzmann method to the study of
incompressible viscous flow over several non-smooth surfaces. An approach for dealing with a curved boundary with
second-order accuracy was presented. The drag is evaluated by the momentum-exchange method. The flow patterns
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were discussed in detail. The effect of a non-smooth surface on the flow characteristics near the model surface at specific
positionswas investigated. The numerical results showed that the circular concave surfacewas themost promising, because
streamwise vortices settle inside the concave surface and do notmove as time develops. These vortices act like a kind of fluid
roller bearing and may reduce the skin’s frictional drag. On the whole, this surface is helpful for the reduction of the total
wall drag. These numerical result may provide a reference for designing non-smooth surfaces with a drag reduction effect in
some engineering practices. The lattice Boltzmann method has proved its capability for simulating flows over non-smooth
surfaces.
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